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The laminar capillary breakup of viscoelastic jets to produce polymeric microcapsules is analyzed experimentally and
theoretically. The phenomenon is based on subjecting a capillary jet to controlled disturbances so that it eventually
breaks up forming individual droplets. A dispersion relation from a temporal linear analysis to describe and predict the
system behavior that includes the Oldroyd-B constitutive equation to take into account the viscoelasticity of the liquid is
obtained. Dispersion curves relating growth rate and wavenumber of the perturbed jets are compared with experimental
conditions and the chosen mathematical approach is found that fairly describes the system. The obtained dispersion
relation eases the study of the effect of viscosity, elasticity, through relaxation times, and flow rate in the system. The
approach allows finding the best conditions to obtain homogeneous droplets and describes the system qualitatively.
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Introduction

The instability of jets is a widely studied topic in Fluid
Mechanics. One of its applications involves the production
of droplets from the breakup of capillary jets issuing from
nozzles. These droplets can be hardened, obtaining micro-
capsules. Our research group has made use of this method
under different conditions to manufacture microparticles.1–3

Particularly, we have focused on breakup techniques with
medium-high viscosity non-Newtonian polymers, producing
jets with the help of high pressure systems, whose instabili-
zation is controlled and so their eventual breakup.

In this particular work, a polymeric solution is driven
toward a capillary nozzle to form a jet whose instability is
controlled by mechanical vibration, developing a Rayleigh-
type jet breakup.

Savart, Plateau, Rayleigh, and Weber4–7 studied the mech-
anisms of liquid jet stability and breakup from the last deca-
des of the 19th century. After them, many researchers have
shown an increasingly interest on the topic.8–10 Most of the
studies about jet disintegration depict instabilities in Newto-
nian fluids, and studies on non-Newtonian fluid jets are less
found in the literature. However, it has long been known
that the addition of polymers to a liquid affects the stability
and consequently the breakup of jets due to their viscoelastic
behavior.

Middleman, Goldin, and Bousfield11–13 were the first
authors to study the breakup of viscoelastic fluids. From their
works and more recent studies,14,15 we can conclude that there
are differences in the way that viscoelastic and Newtonian flu-
ids destabilizes. Viscoelasticity delays the onset of the dis-
turbance growth but, at the same time, the growth becomes
faster when the instability is developed. Moreover, the
breakup length is both retarded and lengthened due to exten-
sional stresses and clearly the patterns of deformation differ.

In previous studies,3 we obtained a semiempirical model
based on the wave-mechanism theory that describes, stem-
ming from experimental relationships, the behavior of the
system considering the flow velocity, zero-shear viscosity,
and surface tension of the liquid solution.

The present work addresses the study of the jet instability
through a more complete analysis in order to find the best
conditions to make the process optimal, reliable, and predict-
able. The article collects a perspective of previous studies,
describes the breakup process, includes the equations that
develop the temporal linear analysis, and compares experi-
mental data and dispersion equation results.

The main contribution will be the analysis of the effects
of high zero-shear viscosities, different relaxation times
assumptions, and different flow rate conditions. Whereas
analyses in bibliography reach Ohnesorge numbers from 0.4
up to 2 in some cases, this study includes samples with
Ohnesorge values from 10 to 25 due to high value of viscos-
ity and low radii of the capillary nozzles.

Materials

The viscoelastic polymer used for this study was sodium
alginate. It is a biocompatible and biodegradable
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polysaccharide extracted from algae. Its use as agent to pro-
duce biocompatible capsules is extended.16,17

Alginic acid sodium salt from brown algae classified as
medium viscosity—viscosity� 2000 cP for a 2% w/w
(25�C) according to the manufacturer—was purchased from
Sigma-Aldrich. The solutions comprising concentrations
between 1.3 and 2.1% w/w were prepared by pouring and
dissolving alginate powder in ultrapure water under hard stir-
ring for 1.5 h. The density q of the fluid and its surface ten-
sion r remain constant for the range of solutions studied
with magnitudes of 1000 kg/m3 and 0.076 N/m, respectively.

The rheological properties of the samples have been meas-
ured by a controlled stress rotational rheometer AR-1500 EX
(TA Instruments, New Castle, DE) and a Capillary Breakup
rheometer (CaBER, Thermo Haake GmbH, Karlsruhe,
Germany) at 20�C. The parameters will be reported when
needed.

Barium chloride dehydrated reagent grade purchased from
Scharlau was used to prepare hardening solutions in a con-
centration 2% w/w.

A high-speed camera Phantom V310 (Vision Research
Inc.) with two different lenses, 90 and 105 mm, was used to
record experimental essays. Laser diffraction (Mastersizer
2000 particle size analyzer, Malvern Instruments Ltd., UK)
was used to measure the microparticle diameters, which are
given as Sauter mean diameter which accounts for the ratio
volume/surface of spherical particles.

The nozzle has an inner geometry consisting of an initial
2-mm capillary, followed by a 1-mm capillary that leads to
the final 150 mm capillary through a cone-shape reduction.

The reduction from the 1-mm capillary to the exit of the
nozzle is shown in Figure 1.

Methodology

Description of the jet and breakup

This work involved an experimental approach and a sub-
sequent theoretical study. The experimental methodology
comprises recording the formation and evolution of jets
and droplets under different conditions. The conditions
selected were as follows. The liquid solution is forced by
the application of a manometric pressure around 1–3 bar,
which mean flow rate values from 5 to 8 cm3/min, the vis-
cosities go from 0.9 to 2.7 Pa s, the diameter of the capil-
lary nozzle is 150 mm, and the recordings are taken at
different distances from the nozzle around 3–5 cm down-
stream the exit.

These conditions are found to be the easiest to record and
so analyzed. For further information about the system, refer
to previous works.1–3

Figure 2 reveals different patterns developed by a jet of
sodium alginate when it evolves naturally and when external
mechanical vibrations of different frequencies are applied.
Newtonian liquid jets show behaviors as those in Figure 3.

The patterns in Figure 2 show sinusoidal axisymmetric
waves after the nozzle exit, turning into a bead on a string
structure downstream. Beads of solution are then connected
by thin ligaments or threads, and the breakup and size are
determined by the behavior of the main droplets and
ligaments.

Figure 2 provides information about the effects of the
main parameters, namely viscosity, flow rate, and the applied
external vibration frequency.

When the viscosity increases, for the same flow rate and
similar wavenumbers, the breakup length increases consider-
ably and the formation of droplets exhibits more irregular-
ities or nonlinear effects. It should also be related to a
shorter growth rate in the dispersion curves describing the
perturbation profile in the jet.

When the flow rate increases, keeping a constant concen-
tration and frequency applied, the breakup length increases.
The growth rate obtained from the dispersion curves should
also decrease with the flow rate for the same applied fre-
quencies, which translates into shorter wavenumbers.

Finally, it is important to note that the range of frequen-
cies that lead to the breakup of the jet is wide but not all fre-
quencies lead to homogeneous microcapsules. Thus, an
optimal range is observed in all cases and, in general, there
is a minimum frequency from which the jet does not exhibit
satellite droplets. We suggest that we could determine the
best optimal conditions matching with this experimental
range through a dispersion relation, relating wavenumber,
and growth rate of the waves.

Figure 1. Sketch of the capillary nozzle and approxi-
mate 3-D model of the nozzle exit.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]

Figure 2. (a) Droplet formation for a 1.8% w/w solu-
tion–5 mL/min—applying different frequen-
cies (0, 800, and 1400 Hz). (b) Droplet
formation for a 1.8% w/w solution—7 mL/
min—applying different frequencies (0, 800,
and 1400 Hz). Figure 3. Breakup of Newtonian jets.
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Theoretical Study

The mathematical approach adopted in this study com-
prised a temporal linear analysis. The common ways to
tackle this type of instabilities are temporal or spatial and, in
turn, linear or nonlinear. The temporal analysis considers
solutions that are periodic in space and exponential in time,
as observed for the process.

The linear analysis supposes that the disturbance initially
shows a wave-like pattern with infinitesimal amplitude com-
pared to its wavelength and the unperturbed jet radius. How-
ever, it has been checked that, for certain cases at low
velocities, the prediction is still valid even when the ampli-
tude increases considerable. This suggests that in certain
cases the nonlinear terms in the momentum equations do not
affect significantly the jet.12

The decision to focus on a linear approach instead of a
nonlinear analysis is based on the results observed from
experimentation. In all cases, the natural instability—not
applying any external vibration—leads to uneven disturban-
ces in terms of wavelength and amplitude, increasing in
unevenness with the concentration. Conversely, when an
external vibration from 600 Hz is applied, we observe waves
with constant wavelengths, corresponding with the frequen-
cies applied, and the obtained droplets are found regularly in
distance. The amplitude of the perturbed jet seems to be
growing exponentially on time (see Figure 2).

Thus, we considered that this pattern may be described by
a temporal linear analysis. Hence, it could lead us to a dis-
persion equation that would indicate the wavelength of the
disturbance that becomes in a faster growth for particular
conditions. From this parameter also, the theoretical size of
the resulting droplets could be predicted.

Our final objective is the assessment, by comparison with
the experimental data, of whether the dispersion relation is
appropriate to indicate the best conditions of breakup and,
thus, also predict droplet sizes for these conditions. We do
not try to describe the nonlinear effects such as the satellite
droplet formation and migration.

Figure 4 shows a perturbed jet moving through an inviscid
gas at a mean velocity V where the z axis is parallel and the
x axis is normal to the flow. Some authors have already car-
ried out linear temporal analyses considering the expressions
and similar assumptions to those that we will address once
again here.19–21

The way in which a jet evolves depends on the balance of
forces acting on it. They are in general body forces (gravity,
electromagnetic forces, and inertial effects), liquid pressure,
stresses on the liquid—related mainly to the viscosity term—
and surface tension.

The Bond number (1) gives us information about the pres-
sure forces acting in the system. It relates hydrostatic pres-
sure22—due to fluid weight—and Laplace contribution—
linked to surface tension

Bo5
q � g � D2

r
(1)

With the properties of sodium alginate solutions and the
approximated diameter of the jet Bo � 1023 are obtained,
indicating that surface tension forces dominate over gravita-
tional effects and thus control the process. Therefore, we
consider gravity forces negligible.

Regarding other physical assumptions, we neglect heat
and mass transfer, consider the fluid incompressible, and

assume constant surface tension along the jet. Gas inertia is
also neglected as the density of the surrounding gas is negli-
gible compared to the liquid density. Finally, we assume that
the jet surface is perturbed in a symmetric way, with null
velocity component in azimuthal direction.

The analysis starts from the general equations of continu-
ity and momentum

@q
@t

1r � qv50 (2)

q
@

@t
1v � r

� �
v52r � T (3)

T is the total stress tensor of the liquid T5pI1s, p is the
pressure of the fluid, I is the identity tensor, and s is the vis-
cous stress tensor or extra-stress tensor (also called stress
deviatoric tensor).

Sodium alginate solutions exhibit non-Newtonian behav-
ior, particularly viscoelastic, thus the analysis requires a non-
Newtonian constitutive equation to account for the relation-
ship between the viscous stresses and strain rate.

We consider one of the most general viscoelastic model,
the corotational Oldroyd-B (4), whose constants are zero
shear stress viscosity g0 and time constants t1 and t2, relaxa-
tion and retardation times, respectively

s1t1

Ds
Dt

2 rvð ÞT � s2s rvð Þ

52g0 D1t2
DD

Dt
2 rvð Þ � D2D rvð ÞT

� � (4)

D5
1

2
rv1 rvð ÞT
n o

Considering incompressible flow and linearizing the con-
stitutive equation expressions, (2–4) become (5–7)

r � v50 (5)

q
@

@t
1V � @

@z

� �
v52r � pI1sð Þ (6)

s1t1
@

@t
1V � @

@z

� �
s52g0 _c1t2

@

@t
1V � @

@z

� �
_c

� �
(7)

where _c is the shear strain rate tensor and V the average
axial velocity of the fluid.

Figure 4. Schematic description of the coordinate sys-
tem and basic parameters of the jet.
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The destabilized cylindrical jet induces an axisymmetric
wave in the surface of the fluid which applies to surface dis-
placement but also velocities, stress and strain tensors, and
pressure profiles.

The harmonic perturbations are of the form (8) according
to a linear temporal analysis with varicose perturbation mode

rs5a1A0e xt1ikzð Þ (8)

where a is the radius of the unperturbed jet, z is the axial
component, x is a complex frequency (its real part xr repre-
sents the growth rate of the disturbance and its imaginary
part the frequency), t is time, A0 is the amplitude of the per-
turbation at t0, and k is the wave number.

The altered profiles for velocity, pressure, stress tensor,
and strain rate tensor are described by (9–12), their ampli-
tudes defined in uppercase

v5VðrÞe xt1ikzð Þ; vr5vr0e xt1ikzð Þ; vz5vz0e xt1ikzð Þ (9)

p5PðrÞe xt1ikzð Þ (10)

s5TðrÞe xt1ikzð Þ (11)

_c5 _CðrÞe xt1ikzð Þ (12)

Substituting expressions (11) and (12) into (7), the expres-
sion (13) is obtained

s5g xð Þ _c (13)

where

g xð Þ5g0

11t2 x1ikV
� �

11t1 x1ikV
� � (14)

These last expressions into (5) and (6), expressed in cylin-
drical coordinates, lead to the partial differential Eqs. (PDEs)
15–17

1

r
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r

@
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� �
1
@2vz

@z2
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(17)

The PDEs are reduced to ordinary differential equations
(ODEs) by substituting (9) and (10) into (15–17). The ODEs
are of the form of Bessel functions with respect to the vari-
able r.

The boundary conditions here considered at the gas-liquid
interface to solve the system of ODEs were already applied
by Tomotika23 and are as follows. The kinematic condition
or no slipping condition at the surface of the jet (18) requires
that the velocity components are continuous at the surface.
The dynamic boundary conditions (19) and (20) define the
tangential stress parallel to the surface as continuous at the
surface of the column and relate the difference in the normal
stress between the inside and outside of the column to the
interfacial surface tension

vr5
@

@t
1V � r

� �
A0e xt2jkzð Þ
� 	

(18)

T3n50 (19)

T � n1rr � n50 (20)

Expressions (21–25) result from linearizing and defining
parameters in (19) and (20)

vr5
@ A0e xt2jkzð Þ� �

@t
1V �

@ A0e xt2jkzð Þ� �
@z

 !
r5a

(21)

Trz5srz52g xð Þ @vz

@r
1
@vr

@z

� �
50 r5a (22)

Trr1pr50 r5a (23)

where

Trr5p1srr5p22g xð Þ @vr

@r
(24)

pr5
r0

a2
A0eikz1xt1a2 @

2 A0eikz1xt
� �
@z2

� �
5

r0

a2
12a2k2
� �

A0eikz1xt

(25)

Profiles (26–28) are obtained after solving the system of
ODEs, where I0 and I1 are modified Bessel functions of the
first kind

vr5
l21k2

I1 kað Þ I1 krð Þ2 2k2

I1 lað Þ I1 lrð Þ
� �

g xð Þ
q

A0e xt2jkzð Þ r � a

(26)

vz5i
l21k2

I1 kað Þ I0 krð Þ2 2kl

I1 lað Þ I0 lrð Þ
� �

g xð Þ
q

A0e xt2jkzð Þ r � a

(27)

p5
l21k2

kI1 kað Þ I0 krð Þg xð Þ x1ikV
� �

A0e xt2jkzð Þ r � a (28)

where

l25k21
q x1ikV
� �

g xð Þ (29)

The normal stress Trr in the liquid is obtained from substi-
tuting the corresponding equations of velocity and pressure
profiles into (24)

Trr52

(
l21k2

I1 akð Þ
q
k

x1ikV
� �

I0 krð Þ12kg xð ÞI0
1

krð Þ
h i

2
4k2lg xð Þ

I0 lað Þ I
0

1
lrð Þ
)

g xð Þ
q

A0e xt1ikzð Þ

(30)

The dispersion equation 31 is obtained when expressions
(25) and (30) are introduced to define the normal stress
boundary condition (23)

x2 ak

2

I0 akð Þ
I1 akð Þ1x

g0

qa2

11k2 x1ikV
� �

11k1 x1ikV
� �

k2a2 2ak
I0 akð Þ
I1 akð Þ

l2

l22k2
2122al

I0 alð Þ
I1 alð Þ

k2

l22k2

� �
5

5
rk2a2

2qa3
12k2a2
� �

(31)

Expression (32) comes from taking the real part and rear-
ranging terms in (31)
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(32)

The expression is adimensionalized (37) using a ratio of
deformation retardation time to stress relaxation time t5t2=t1
(time ratio), the Ohnesorge number which denotes the ratio
of viscous force to surface tension force

Z5
g0ffiffiffiffiffiffiffiffi
qra
p (33)

El, known as elasticity number,24 that represents a rela-
tionship between viscous effect and elastic effect in the fluid

El5
t1 � g0

q � a2
(34)

Xr is the nondimensional growth rate

Xr5
xrffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

r= qa3ð Þ
p (35)

and al can be expressed in dimensionless form by prior
parameters as

al5

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
akð Þ21

Xr

Z

Z1El � Xr

Z1tEl � Xr

s
(36)

Z
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� �2�
2 akð Þ2 12
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ak

� �2
" #

1 akð Þ3 11
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ak

� �2
" #2

I0 akð Þ
I1 akð Þ24 akð Þ2 alð Þ I0 alð Þ

I1 alð Þ

�
512 akð Þ2

(37)

Rheological characterization

The dispersion relation includes rheological parameters,
g0, t1, and t2, which involves the need to carry out rheologi-

cal tests. In general, polymer solutions behave as non-
Newtonian fluids and exhibit a viscosity depending strongly
on the shear stress or strain rate. In particular, most poly-
meric solutions exhibit a viscoelastic behavior, which means
that they display viscous but also elastic effects.25,26

Flow curves give us information about a characteristic
zero-shear viscosity and a measure of relaxation time. The
Cross model27 (38) resulted in the generalized Newtonian
model that better fitted the data for all alginate solutions
tested

g5g11
g02g1

11 s1 � _cð Þm (38)

where g is the apparent shear viscosity, g0 is the zero-shear
rate viscosity or Newtonian viscosity, g1 is the infinite vis-
cosity, s1 is the Cross time constant or relaxation time under
shear conditions, _c is the strain rate, and m the Cross or flow
behavior index. m indicates the degree of dependence of vis-
cosity on shear rate in the shear-thinning region, the more
close to the unit the more non-Newtonian behavior.

Figure 5 and Table 1 collect the value of the rheological
parameters from the fitting to (38). Infinite shear viscosity
values, g1, have been omitted because the extrapolation to
such values cannot be validated by the experimental data
and these values are not needed for the rest of the analysis.

Stress relaxation time

Stress relaxation time can also be determined by small
amplitude oscillatory shear (SAOS) measurements and exten-
sional flow measurements. Different external fields are
applied in each case.

The characteristic stress relaxation time for SAOS can be
typically considered as the inverse of the frequency value at
the cross point between the storage and loss modules, G0 and
G00, respectively.28,29 However, we could not rely on the val-
ues obtained in that way due to inertial effects of the rheom-
eter. We then estimated the relaxation times from the cross-
over frequency extrapolated from the terminal behavior of
G0 and G00 with Slopes 2 and 1, respectively, which make
the values higher than expected.

Conversely, the relaxation times from uniaxial extensional
flow measurements were obtained using a CaBER rheometer
by applying expression (39)30 to the evolution of the mid-
point of a stretched ligament. It determines the growth char-
acteristic scale of elastic stresses in the necking filament

Rmid tð Þ
R0

5
GR0

2r

� �1=3

exp ½2t=3s� (39)

where R0 is the radius after the stretching of the filament fin-
ishes, s is the so-called stress relaxation time, G is known as
the relaxation modulus and refers to the value of the linear
stress-relaxation function G(t) when the material is subjected

Figure 5. Flow curves of Na-Alg solutions.

Viscosity as a function of shear rate.

Table 1. Rheological Parameters Obtained by Fitting Data to

the Cross Equation

c (g/dL) g0 (Pa s) kC (s) m Z

1.5 0.911 7.66 3 1023 0.759 11.33
1.8 2.032 0.0169 0.722 25.28
2.0 2.744 0.0175 0.758 34.14
2.3 4.953 0.0259 0.744 61.62
3.0 12.70 0.0481 0.730 158.01
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to a particular shear spectrum,31 r is the surface tension, and
q the density.

Table 2 contains characteristic relaxation times obtained after
applying the three different types of methods described. Com-
pared with similar studies, the characteristic relaxation times
obtained are one order of magnitude higher than those found for
other polymeric systems, although the viscosities in this study
are higher.18,24 Wloka et al.32 studied extracellular polymeric
substances obtaining a lifetime of junction points of 17 ms.

Deformation retardation time

The obtaining of satisfactory data for the characteristic
deformation retardation times through creep analyses was
not possible to achieve. The larger viscous nature of the
samples compared to the elastic response for low strain rates
precluded us from obtaining satisfactory data. Hence, we
turned to considerations found in the literature. For instance
Bird et al.33 conclude from the analysis of linear viscoelastic
models that the ratio between retardation and relaxation time
is less than the unit. In most studies, the retardation time is
considered 10 times less than the relaxation times.18,19,24 We
assume the same consideration, so the adimensional parame-
ter t5t2=t150:1.

Results: Study of the Dispersion Equation

Data obtained experimentally showed certain patterns
and behaviors as we detailed before (see Figure 2). From
these data, we determined concurrently the relaxation time
that best defines the behavior of the system and whether
the predicted and experimental conditions are in good
agreement.

Authors aforementioned19,20 have checked the applicabil-
ity of this theoretical dispersion relation in the disintegration
of viscoelastic liquids jets at small Weber and Ohnesorge
numbers. The formation of bending instabilities on the jets
appear when Weber numbers exceed the order of 103 14 and
axisymmetric disturbances are not developed in the jet any-
more, invalidating the obtained dispersion relation. However,
no limitations related to high Ohnesorge numbers have been
found. We will check the applicability of the expression for
maximum values of Weber number around 150 and Ohne-
sorge values up to 25.

We used MathematicaVR software to solve and plot the adi-
mensional growth rate X as a function of wavenumber k.
These two variables are in implicit form (37), hence we used
Newton’s method to estimate the maximum value of the
function where the condition of null derivative is imposed.

To determine the theoretical size of droplets, for the fast-
est growth rate or any other condition, we apply the defini-
tion of wavenumber k5 2p

k to obtain the wavelength from
any k given by the dispersion relation (37). The estimated
droplet size can be then computed as the diameter of a
sphere whose volume is that of a cylinder having a length

equal to the wavelength so that 4
3
pr3

d5pr2
j k where subscripts

d and j indicates droplet and jet, respectively. Frequencies
can be computed as f 5

vj

k .
In set-up studies and for the previous published work,3 we

considered the expression obtained by Weber7 to compute an
“optimal” frequency to impose at the nozzle (40). We will
compare Weber’s wavelengths or frequencies and data from
the dispersion relation in next sections

kopt5p �
ffiffiffi
2
p
� d 11

3gffiffiffiffiffiffiffiffiffiffiffiffi
qr � d
p

� �1=2

(40)

where d is the jet diameter.

Relaxation time effect

We have three different values of the relaxation time for
every concentration. It is not clear how the relaxation times
are determined in similar papers for the computation of the
curves. Therefore, we first check the effect of the different
magnitudes on the results and compare with the experimental
data.

As for the stresses in the solution, both high shear stresses
(mainly in the nozzle) and normal stresses are developing in
the jet, however, the stretching or extensional effect keeps
further downstream the nozzle and is expected to control the
breakup process. Therefore, we expected to find the best
agreement for the relaxation time from extensional
measurements.

Pearson already suggested that the pronounced molecular
orientation that arises in uniaxial extension was the protago-
nist of the different effects in jets. He also reported that the
orientation of the molecules in uniaxial extension relaxes
more slowly than orientation due to simple shear.34 The
way the flow develops in the nozzle is of major importance.
A sudden contraction near the exit of the nozzle will

Table 2. Characteristic Relaxation Times Obtained from

Simple Shear, SAOS and Uniaxial Extensional Fields

c (g/dL) g0 (Pa s) t1,SHEAR (s) t1,SAOS (s) t1,CaBER (s)

1.5 0.911 7.66 3 1023 0.032 0.0157
1.8 2.032 0.0169 0.078 0.0330a

2.0 2.744 0.0175a 0.080a 0.0410
3.0 12.70 0.0481 0.350 0.0703

aData have been extrapolated.

Figure 6. Dispersion curves for different relaxation
times.

Sample of 1.8% w/w at 6 mL/min. Relaxation times

obtained by SAOS (dashed line), CaBER (thick line),

and simple shear (dot-dashed line). [Color figure can

be viewed in the online issue, which is available at

wileyonlinelibrary.com.]
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produce a profound uniaxial extensional flow combined
with shear flow. A long capillary will lead to a fully devel-
oped shear profile. In both cases, the relaxation behaviors
are different.

Figure 6 and Table 3 reveal the influence of the relaxation
time on the growth rate for a 1.8% w/w solution and 6 cm3/
min flow rate. We considered a retardation time t2 10 times
less than the relaxation time t1. We observe that the higher
the relaxation time the higher the growth rate and the opti-
mal wavenumber k, so it is the optimal frequency.

As said before, the best experimental conditions are found
for an enclosed range of frequencies. Within this range, the
obtained microcapsules are more homogeneous.

From the results in Figure 6 and Table 3, we propose that
the data obtained from the extensional relaxation time are in
a better agreement with the experimental conditions. Besides,
this conclusion matches what was expected. Therefore, we
will consider the extensional relaxation time for the rest of
the study.

Regarding the difference between droplet size and micro-
particle size, we have observed a swelling of the structure
when it solidifies in the gelling bath. We do not have partic-
ular studies on the topic.

Concentration effect

A variation in concentration means a variation in viscos-
ity. The effect of viscosity in the dispersion curves can be
easily assessed as shown in Figure 7. It reveals a pronounced
decrease in the dimensionless growth rate when the viscosity
increases. The viscous forces oppose to the growth of the
capillary instability, causing also a lengthening of the
breakup length. At the same time, k decreases when viscosity
increases. This will cause bigger droplets under the predicted
optimal conditions, which agrees with experimental data.

Table 4 reveals that the unique optimal Weber’s wave-
length values for every viscosity are larger than the optimal
theoretical ones. This also involves that theoretical optimal
frequencies are larger than Weber’s dominant frequencies.
With Weber conditions, the predicted droplet diameters are
larger than the theoretical and experimental data.

Flow rate effect

The flow rate has been the most difficult parameter to
assess. A change in the flow rate directly affects the velocity
of the jet but also its diameter. Whereas the velocity is not
directly involved in the dispersion equation (37) the variation
of the jet radius directly affects it. Inset in Figure 8 displays
the jet radii as function of flow rate for 1.6, 1.8, and 1.9%
w/w. It indicates that, for this range of concentrations, the
diameters remains constant for the same flow rates.

Figure 8 plots dispersion curves for different flow rates
keeping a constant concentration of 1.6% w/w. We observed
for all solution a shift toward higher wavenumbers when the
flow rate increases, involving higher optimal frequencies.
This tendency agrees with the experimental measurements.
Thus, we check through the images that the best conditions
are achieved where the dominant conditions in the curve are
given.

Data in Table 5 show that an increase in the liquid flow
rate destabilizes the jet, maximum X increases. We have
observed that, in general for the optimal conditions, the
breakup length remains almost constant (particularly for low
flow rates, see Figure 9) or it increases with the flow rate.
Therefore, it seems that there is a disagreement between the
predicted growth rate and the experimental breakup length.
A further study on this issue is needed.

Table 3. Predicted and Experimental Values for the Optimal

Wavenumber, Wavelength, Droplet Size, Frequencies, and

Final Microparticle Size for the different Relaxation Times

Obtained for 1.8 g/dL Solution at 6 mL/min

t1,SHEAR (s) t1,CaBER (s) t1,SAOS (s)

t1 (s) 0.017 0.033 0.080
k (m21) 2034 2577 2952
X 0.023 0.036 0.047
k (m) 0.0076 0.0024 0.0021
Size (lm) 523 483 462
Frequency 1335 1691 1938
Exp. size �540
Exp. frequency 1500–1800

Figure 7. Dispersion curves for different concentrations
keeping a constant flow rate (6 mL/min):
1.5% w/w (thick line), 1.6% w/w (dot-dashed
line), 1.8% w/w (thick line), and 2% w/w
(dashed line).

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]

Table 4. Predicted Optimal Parameters: From the Weber Expression (We), the Dispersion Relation (Th), Compared to the

Experimental Parameters (Exp)

Conc. (g/dL) kWe (mm) kTh (mm) X (s21) fWe (s21) fTh(s21) f (s21) SizeWe (lm) SizeTh (lm) SizeExp (lm)

1.50 3.85 1.76 750.3 1070 2365 2100–2500 563 432 538
1.60 4.52 1.92 622.3 913 2153 1900–2200 594 446 562
1.80 5.72 2.44 383.8 721 1691 1500–1800 642 483 601
2.00 6.63 2.84 283.4 622 1453 1200–1500 675 508 625
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Conclusions

Prior studies by the authors concerning the addressed
mechanism of jet breakup were based on a semiempirical
approach. Therefore, the behavior of the system remained
not completely described. We have proposed in this work a
more complete mathematical approach through a linear anal-
ysis. It accounts for viscoelastic effects that were not consid-
ered previously.

From the results, we conclude that the proposed approach
is valid for describing the jet breakup mechanism of
medium-viscosity viscoelastic polymers. On one hand, it
allows predicting the optimal range of frequencies to achieve
homogeneous samples. On the other hand, it reveals the
effects that most influence the system behavior through the
comparison of the curves with the experimental data.

We could verify that elastic effects rule over simple shear
effects through the assessment of different magnitudes of
relaxation time, obtained from different flow field measure-
ments. However, we have to be aware of the advances that
the rheological characterization for complex processes such
as jet instabilities are experiencing nowadays. As an exam-
ple, common oscillatory shear measurements are based on
essays applying low shear stress measurements (SAOS). A

new technique that superposes an oscillatory motion onto a
steady-state shear flow—orthogonal and parallel superposi-
tion—is shredding light into the combination of these flow
fields. Thus, several authors35,36 have demonstrated that
increasing the steady-state shear rate, the crossover of stor-
age and loss moduli G0 and G00, shifts to higher frequencies.
The relaxation times are rate dependent. This could lead to
the determination of new constitutive equations.

The equation used in this work, Oldroyd-B, has resulted
appropriate for the range of concentrations studied. The use
of other constitutive equations might be also adequate and
interesting to evaluate, particularly when a wider range of
concentrations are studied.

As for the droplet size obtained, it results less than the
measured size of the final microparticles. This suggests that
there is a swelling mechanism to be further described. Fur-
thermore, it is worth saying that the correct and up-to-date
determination of the flow rate, rheological characterization,
and experimental conditions is of great importance when the
experiments are being carried out. Slight differences in the
data introduced in the dispersion relation leads to important
differences in the results.

For future works, it is of highly interest to study nonlinear
inertial terms and analyse the nonlinearity of the viscoelas-
ticity through nonlinear approaches. It would help to
describe the system further, for instance the satellite droplet
formation.

Besides, it would also be of high interest to find a rela-
tionship between the growth rate and breakup length.
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Figure 8. Adimensional growth rate as a function of
wavenumber for a 1.6% w/w alginate solu-
tion under different flow rates.

Lowest flow rate in thick line—5 mL/min, highest flow

rate in dashed line—8 mL/min. Inset: Effect of flow

rate on the jet diameter. [Color figure can be viewed in

the online issue, which is available at wileyonlinelibrary.

com.]

Table 5. Optimal Wavenumber, Growth Rate, Frequency, and Size Applying Different Flow Rates for a 1.6 g/dL solution

Q (mL/min) kWe (mm) kTh (mm) X (s21) fWe (s21) fTh (s21) f (s21) SizeWe (mm) SizeTh (mm) SizeExp (mm)

5 4.98 2.18 511 533 1215 1100–1300 669 508 –
5.5 4.76 2.05 561 693 1607 1500–1700 633 478 538
6 4.52 1.92 622 913 2154 1900–2200 594 446 512
6.5 4.47 1.88 647 1029 2449 2400–2600 586 440 503
7 4.43 1.87 645 1141 2705 2700–2900 580 435 506
8 4.29 1.79 688 1376 3296 3200–3500 558 417 473

Figure 9. Theoretical optimal breakup conditions for
jets of 1.6% w/w alginate solution under dif-
ferent flow rates—5, 5.5, 6, and 6.5 mL/min.
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